Transversal Designs of Block Size Eight and Nine  by Colbourn, Charles J
 Europ . J . Combinatorics  (1996)  17 ,  1 – 14
 Transversal Designs of Block Size Eight and Nine
 C HARLES J . C OLBOURN
 New recursive and direct constructions for transversal designs of index more than one are
 established . Using these , the existence of transversal designs of index at least 2 and block size 8
 is settled , with eight possible exceptions . Existence for block size 9 is settled with 44 possible
 exceptions .
 Ö  1995 Academic Press Limited .
 1 .  I NTRODUCTION
 A  trans y  ersal design  of  order  or  groupsize n , blocksize k  and  index  l  ,  denoted
 TD l ( k ,  n ) ,  is a triple ( V ,  & ,  @ ) ,  where :
 (1)  V  is a set of  kn  elements ;
 (2)  &  is a partition of  V  into  k  classes (called  groups ) ,  each of size  n ;
 (3)  @  is a collection of  k -subsets of  V  (called  blocks ) ;
 (4)  every unordered pair of elements from  V  is either contained in exactly one group ,
 or is contained in exactly  l  blocks , but not both .
 When  l  5  1 ,  one writes simply  TD ( k ,  n ) .
 Transversal designs are pervasive in combinatorial design theory [2] ; as orthogonal
 arrays , they also arise in experimental design , the theory of error-correcting codes , and
 various applications in cryptography [7] . The existence problem for transversal designs
 is to determine for which values of the parameters  n , k  and  l  a  TD l ( k ,  n ) exists . This
 question is far from settled , even for  l  5  1 .
 In 1974 , Hanani [8] established that for all  l  >  2 and all  n  >  2 ,  a  TD l (7 ,  n ) exists .
 Our main objective is to develop constructions to determine when  TD l ( k ,  n ) exist for
 k  P  h 8 ,  9 j .
 In fact , we prove the following :
 M AIN T HEOREM 1 . 1 .  For  l  >  2 , a TD l (9 ,  n )  exists except when  l  5  2  and n  P  h 2 ,  3 j , and
 possibly when :
 (1)  l  5  2  and n  P  h 6 ,  14 ,  15 ,  21 ,  22 ,  33 ,  34 ,  35 ,  38 ,  39 ,  50 ,  51 ,  54 ,  62 ,  74 ,  75 j ;
 (2)  l  5  3  and n  P  h 5 ,  6 ,  14 ,  20 ,  28 ,  45 ,  60 j ;
 (3)  l  5  4  and n  P  h 6 ,  15 ,  21 j ;
 (4)  l  5  5  and n  P  h 3 ,  6 ,  14 ,  20 ,  21 ,  28 ,  35 ,  39 ,  51 ,  75 j ;
 (5)  l  5  7  and n  P  h 6 ,  14 ,  15 ,  20 ,  21 j ;
 (6)  l  5  11  and n  P  h 6 ,  14 j ;
 (7)  l  5  13  and n  5  6 .
 We also prove a theorem for block size 8 :
 T HEOREM 1 . 2 .  For  l  >  2 , a TD l (8 ,  n )  exists except when  l  5  2  and n  P  h 2 ,  3 j , and
 possibly when :
 (1)  l  5  2  and n  P  h 6 ,  14 ,  21 ,  22 ,  34 j ;
 (2)  l  P  h 3 ,  5 ,  7 j  and n  5  20 .
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 The Bose – Bush upper bound [2] ensures that no  TD l (8 ,  n ) exists for  l  5  2 and
 n  P  h 2 ,  3 j .  It is an easy exercise to verify that the Bose – Bush upper bound does not
 preclude the existence of any other  TD l ( k ,  n ) with  l  >  2 and  k  P  h 8 ,  9 j .
 To establish the existence of  TD l ( k ,  n ) ,  we employ a number of constructions , some
 known and some new . The main construction used is novel , and employs a
 generalization of transversal designs called outline transversal designs , which are
 introduced in Section 3 .
 We employ two basic results without explicit comment throughout . The first is a
 simple union construction :
 L EMMA 1 . 3 .  If TD l ( k ,  n )  and TD m ( k 9 ,  n )  exist , then a TD l 1 m (min( k ,  k 9 ) ,  n )  exists .
 The second is Bush’s direct product construction (see [2]) :
 L EMMA 1 . 4 .  If a TD l ( k ,  n )  exists and a TD m ( k 9 ,  m )  exists , then a
 TD l m  (min( k ,  k 9 ) ,  mn ) exists .
 2 .  W ILSON ’ S T HEOREM
 An  incomplete trans y  ersal design  of  order  or  groupsize n , blocksize , k , index  l  ,  and
 holesizes b 1  ,  .  .  .  ,  b s  ,  denoted  ITD l ( k ,  n ;  b 1  ,  .  .  .  ,  b s ) ,  is a quadruple ( V ,  & ,  * ,  @ ) ,
 where :
 (1)  V  is a set of  kn  elements ;
 (2)  &  is a partition of  V  into  k  classes (called  groups ) ,  each of size  n ;
 (3)  *  is a set of disjoint subsets (called  holes )  H 1  ,  .  .  .  ,  H s  of  V ,  with the property that ,
 for each 1  <  i  <  s  and each  G  P  & ,  u G  >  H i u  5  b i  ;
 (4)  @  is a collection of  k -subsets of  V  (called  blocks ) ;
 (5)  every unordered pair of elements from  V  is
 (i)  contained in a hole , and contained in no blocks ; or
 (ii)  contained in a group , and contained in no blocks ; or
 (iii)  contained in neither a hole nor a group , and contained in  l  blocks .
 Again , when  l  5  1 ,  it can be omitted from the notation . An  ITD l ( k ,  n ;  b 1  ,  .  .  .  ,  b s ) is
 also denoted as a  TD l ( k ,  n )  2  o s i 5 1  TD l ( k ,  b i ) .  When  b  5  b 1  5  ?  ?  ? b s  ,  the notation
 TD l ( k ,  n )  2  sTD l ( k ,  b )  is also employed .
 Wilson [11] established a construction for transversal designs of index 1 which ,
 together with various generalizations of it ([3] , for example) , is the most powerful
 current construction for  TD 1 ( k ,  n ) .  We state here one generalization of Wilson’s
 theorem to higher indices ; the proof parallels that of Section X . 3 of [2] exactly , and so
 is omitted .
 T HEOREM 2 . 1 .  Let  ( V ,  & ,  @ )  be a TD l ( k  1  l ,  n ) , with groups  &  5
 h G 1  ,  .  .  .  ,  G k  ,  H 1  ,  .  .  .  ,  H l j . Let S be some subset of H 1  <  ?  ?  ?  <  H l  , and let S i  5  S  >  H i for
 i  5  1 ,  .  .  .  ,  l . For each block B  P  @ , let u B  5  u B  >  S u . Let w  >  1  be an integer , called the
 weight .  Then if , for e y  ery block B  P  @ , there exists a TD m ( k ,  w  1  u B )  2  u B TD m  ( k ,  1)
 there exists a TD l m  ( k ,  wn  1  u S u )  2  o l i 5 1  TD l m  ( k ,  u S i u ) .
 If , in addition , TD l m  ( k ,  u S i u )  exist for each  1  <  i  <  l , then a TD l m ( k ,  wn  1  u S u )  exists .
 We employ two main selections of the set  S  in this theorem . The first is when  S  is a
 subset of a single group .
 C OROLLARY 2 . 2 .  If there exist
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 (1)  a TD l ( k  1  1 ,  n ) ;
 (2)  a TD m ( k ,  w ) ;
 (3)  a TD m ( k ,  w  1  1)  2  TD m ( k ,  1) , and
 (4)  a TD l m  ( k ,  a )  for  0  <  a  <  n ,
 then there exists a TD l m  ( k ,  wn  1  a ) .
 When  a  P  h 0 ,  1 j , a TD É  ( k ,  a ) exists for all positive integers  É  and for all positive
 integers  k  by convention .
 C OROLLARY 2 . 3 .  If there exist
 (1)  a TD l ( k  1  2 ,  n ) ,
 (2)  a TD m ( k ,  w ) ,
 (3)  a TD m ( k ,  w  1  1)  2  TD m ( k ,  1) ,
 (4)  a TD m ( k ,  w  1  2)  2  2 TD m ( k ,  1) ,
 (5)  a TD l m  ( k ,  a )  for  0  <  a  <  n , and
 (6)  a TD l m  ( k ,  b )  for  0  <  b  <  n ,
 then there exists a TD l m  ( k ,  wn  1  a  1  b ) .
 Many other applications of Theorem 2 . 1 are possible , and indeed generalizations
 using ‘weights’ on the points of  S  (as in [3] , for example , in the case of index 1) are
 possible as well . However , these corollaries suf fice for our purposes here .
 3 .  O UTLINE T RANSVERSAL D ESIGNS
 An  outline trans y  ersal design of leftsize l , rightsize r , blocksize k , left index  l L  , central
 index  l C  ,  and  right index  l R  ,  denoted  OTD ( k ;  l ,  r ;  l L  ,  l C  ,  l R ) ,  is a quadruple
 ( L ,  R ,  & ,  @ ) ,  where :
 (1)  L  and  R  are disjoint sets of  kl  and  kr  elements , respectively ;
 (2)  &  is a partition of  L  <  R  into  k  classes (called  groups ) ,  so that  u G i  >  L u  5  l  and
 u G i  >  R u  5  r ;
 (3)  @  is a collection of  k -subsets of  L  <  R  (called  blocks ) ;
 (4)  every unordered pair  h x ,  y j  of elements from  L  <  R  is either contained in exactly
 one group and in no blocks , or is contained in  a x , y  blocks , where
 a x , y  5 5  l L l C
 l R
 if  h x ,  y j  Õ  L ,
 if  x  P  L ,  y  P  R ,
 if  h x ,  y j  Õ  R .
 A  TD l ( k ,  n ) is equivalent to an  OTD ( k ;  s ,  n  2  s ;  l  ,  l  ,  l ) for each 0  <  s  <  n .  It is also
 equivalent to an  OTD ( k ;  s ,  n ;  0 ,  0 ,  l ) for all  s  >  0 .  An  ITD l ( k ,  n ;  b ) is equivalent to an
 OTD ( k ;  b ,  n  2  b ;  0 ,  l  ,  l ) .  Consequently , outline transversal designs can be viewed as a
 generalization of incomplete transversal designs with one hole .
 One simple construction , which suggests a number of generalizations , follows :
 L EMMA 3 . 1 .  If a TD l ( k ,  n )  exists and n  5  al  1  br for nonnegati y  e integers a , l , b and
 r , then an OTD ( k ;  l ,  r ;  l a 2 ,  l ab ,  l b 2 )  exists .
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 P ROOF .  Partition each group arbitrarily into  l  classes of size  a  and  r  classes of size  b .
 Identify the elements within each class of this partition .  h
 In particular , one has the elementary observation that if a  TD l ( k ,  an ) exists , so also
 does a  TD l a 2 ( k ,  n ) .
 By choosing the partition of each group carefully , one can obtain a slight
 generalization :
 L EMMA 3 . 2 .  If a TD l ( k ,  n )  exists , and n  5  a  1  br for nonnegati y  e integers a , b and r ,
 then for all  m  satisfying  l a 2  2  a  <  m  <  l a 2 , an OTD ( k ;  1 ,  r ;  m  ,  l ab ,  l b 2 )  exists .
 P ROOF .  Partition each group into  r  classes of size  b  and one class of size  a  in such a
 way that , for some fixed element  f  in the class of size  a  in the first group , at least  a  of
 the blocks containing  f  are completely within the classes of size  a  in each group . After
 making the identification , the images of  l a  2  2  m  of these blocks can be deleted .  h
 For example , a  TD 2 ( k ,  2 y  1  1) can be used to produce an  OTD ( k ;  1 ,  y  2  1 ;  15 ,  12 ,  8) .
 Interesting applications of this lemma occur when one can produce two outline
 transversal designs the union of which yields a transversal design . Some instances are
 given in the next result .
 L EMMA 3 . 3 .  For each row in Table  1 , if TD m i ( k ,  x i )  exist for i  5  1 ,  2 , then a
 TD m ( k ,  y  ) exists .
 P ROOF .  In each case , for  i  5  1 ,  2 ,  apply Lemma 3 . 2 to the  TD m i ( k ,  x i ) ,  using the
 partition  x i  5  a i  1  b i ( y  2  1) .  The result is an  OTD ( k ;  1 ,  y  2  1 ;  l
 i
 L ,  l
 i
 C ,  l
 i
 R ) .  Now take
 T ABLE 1
 Parameters for outline constructions
 N  m  1  x 1  a 1  b 1  l
 1
 L  l
 1
 C  l
 1
 R  m  2  x 2  a 2  b 2  l
 2
 L  l
 2
 C  l
 2
 R  m
 1
 2
 3
 4
 5
 6
 7
 8
 9
 10
 11
 12
 1
 2
 2
 1
 3
 3
 2
 1
 4
 4
 1
 1
 y  2  1
 y  2  1
 y  1  1
 2 y  2  1
 y  2  1
 y  1  1
 2 y  2  1
 3 y  2  1
 y  2  1
 y  1  1
 2 y  2  2
 2 y  1  2
 0
 0
 2
 1
 0
 2
 1
 2
 0
 2
 0
 4
 1
 1
 1
 2
 1
 1
 2
 3
 2
 2
 2
 2
 0
 0
 6
 0
 0
 10
 1
 2
 0
 14
 0
 12
 0
 0
 4
 2
 0
 6
 4
 6
 0
 8
 0
 8
 1
 2
 2
 4
 3
 3
 8
 9
 4
 4
 4
 4
 1
 1
 1
 1
 1
 1
 2
 1
 1
 1
 1
 1
 y  1  1
 2 y  1  1
 2 y  2  1
 2 y  1  1
 3 y  1  1
 3 y  2  1
 2 y  1  1
 3 y  1  1
 4 y  1  1
 4 y  2  1
 4 y  1  1
 4 y  2  1
 2
 3
 1
 3
 4
 2
 3
 4
 5
 3
 5
 3
 1
 2
 2
 2
 3
 3
 2
 3
 4
 4
 4
 4
 2
 6
 0
 6
 12
 2
 15
 12
 20
 6
 20
 6
 2
 6
 2
 6
 12
 6
 12
 12
 20
 12
 20
 12
 1
 4
 4
 4
 9
 9
 8
 9
 16
 16
 16
 16
 2
 6
 6
 8
 12
 12
 16
 18
 20
 20
 20
 20
 13
 14
 15
 16
 17
 18
 19
 20
 21
 22
 23
 2
 2
 1
 2
 5
 5
 3
 3
 1
 1
 2
 2 y  2  1
 2 y  1  1
 3 y  1  2
 3 y  2  1
 y  2  1
 y  1  1
 2 y  2  1
 2 y  1  1
 4 y  2  2
 4 y  2  1
 3 y  2  1
 1
 3
 5
 2
 0
 2
 1
 3
 2
 3
 2
 2
 2
 3
 3
 1
 1
 2
 2
 4
 4
 3
 1
 15
 20
 6
 0
 18
 2
 24
 2
 6
 6
 4
 12
 15
 12
 0
 10
 6
 18
 8
 12
 12
 8
 8
 9
 18
 5
 5
 12
 12
 16
 16
 18
 1
 1
 2
 1
 1
 1
 2
 2
 1
 1
 2
 4 y  1  1
 4 y  2  1
 3 y  2  1
 3 y  1  2
 5 y  1  1
 5 y  2  1
 3 y  1  1
 3 y  2  1
 4 y  1  2
 4 y  1  1
 3 y  1  1
 5
 3
 2
 5
 6
 4
 4
 2
 6
 5
 4
 4
 4
 3
 3
 5
 5
 3
 3
 4
 4
 3
 20
 6
 6
 20
 30
 12
 28
 6
 30
 20
 28
 20
 12
 12
 15
 30
 20
 24
 12
 24
 20
 24
 16
 16
 18
 9
 25
 25
 18
 18
 16
 16
 18
 24
 24
 27
 27
 30
 30
 30
 30
 32
 32
 36
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 the union of the two  OTD  so manufactured . The union is itself an  OTD ,  and since
 l 1 L  1  l
 2
 L  <  l
 1
 C  1  l
 2
 C  5  l
 1
 R  1  l
 2
 R ,  we can add copies of a  TD 1 ( k ,  1) (a block) to obtain
 the required  TD .  h
 We refer to Lemma 3 . 3 ( N ) to indicate that the construction arises from row  N  of
 Table 1 . The first row of Table 1 deserves special mention , as it produces transversal
 designs with index two and order  y  ,  from those of index one but orders  y  2  1 and
 y  1  1 .  Indeed , a much stronger result is achieved :
 C OROLLARY 3 . 4 .  If there exist TD 1 ( k ,  y  2  1)  and TD 1 ( k ,  y  1  1) , then there exists a
 TD 2 ( k ,  y  )  2  TD 2 ( k ,  1) .
 P ROOF .  Since  k  <  y  ,  there is a  TD 1 ( k ,  y  1  1) containing at least three disjoint blocks
 [2] ; let  A ,  B  and  C  be three disjoint blocks . Now apply Lemma 3 . 3 by identifying in
 each group the element of the group on  A  with the element of the group on  B .  The
 resulting  OTD ( k ;  1 ,  y  2  1 ;  2 ,  2 ,  1) contains block  C  lying entirely on the ‘right side’ .
 Choosing a  TD 1 ( k ,  y  2  1) containing a copy of block  C  to form an  OTD ( k ;  1 ,  y  2
 1 ;  0 ,  0 ,  1) ,  taking the union of the two  OTD s , and then deleting both copies of block  C
 to form the hole yields the result .  h
 When  y  2  1 and  y  1  1 are primes or prime powers , Corollary 3 . 4 gives a strong result
 in the sense that any  TD l ( k ,  y  )  2  TD l ( k ,  1) has  k  <  y  1  1 ,  and the corollary achieves
 k  5  y  . 
 4 .  Q UASI - DIFFERENCE M ATRICES
 In view of the constructions in the preceding sections , one wants sources of outline
 transversal designs . In this section , we develop methods for obtaining them using
 somewhat standard dif ference techniques . We require a definition .
 Let  G  be an abelian group of order  g .  A ( g ,  k ;  l  ,  m  ;  y  )- aussie - dif ference matrix
 (ADM) is a matrix  Q  5  ( q i j ) with  k  rows , with each entry either empty (usually
 denoted by —) or containing a single element of  G . Each row contains exactly  y   empty
 entries , and each column contains at most one empty entry . Furthermore , for each
 1  <  i  ,  j  <  k ,  the multiset
 h q i l  2  q j l :  1  <  l  <  l ( g  2  1)  1  m  1  2 y  ,  with  q i l  and  q j l  not  empty j
 contains every nonzero element of  G  l  times , and contains 0  m  times .
 When  y  ;  0 (mod  l ) ,  aussie-dif ference matrices are known as quasi-dif ference
 matrices [2] , with  u  5  y  / l  ,  and denoted ( g ,  k ;  l  ,  m  ;  m  )-QDM . When such a QDM
 exists , and  m  <  l  ,  an  ITD l ( k ,  g  1  u ;  u ) can be produced as follows . First replace all
 empty entries by entries  `  1  ,  .  .  .  ,  `  u  so that each  `  i  appears  l  times in each row . Next ,
 append  l  2  m  columns all the entries of which are 0 . Now develop each column into  g
 columns under the additive action of  G , leaving all  h  `  i j  fixed . The result is an
 incomplete orthogonal array with a hole on  h  `  1 ,  .  .  .  ,  `  u j ,  which is equivalent to the
 required  ITD .
 By the same token , if a ( g ,  k ;  l  ,  m  ;  y  )-ADM exists , then by placing  `  1 ,  `  2 ,  .  .  .  ,  `  y
 instead of the empty entries so that each appears exactly once in each row , we obtain
 an  OTD ( k ;  y  ,  g ;  0 ,  1 ,  l ) when  m  <  l .  We can also employ fewer points at infinity to
 obtain :
 L EMMA 4 . 1 .  If a  ( g ,  k ;  l  ,  m  ;  y  )- ADM exists with  m  <  l  , and  y  5  xy for integers x and
 y , then an OTD ( k ;  x ,  g ;  0 ,  y ,  l )  exists .
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 With Lemma 4 . 1 in mind , our next goal is to produce  ADM .  We extended a
 technique first explored by Wilson [12] . Let  y   be a prime power , and let  y  5  1  1  mt .  Let
 l  >  1 be an integer . Let  v  be a primitive root of  GF  ( y  ) ,  and define  # 0  5  h v  m i :  0  <  i  <
 t j .  Then define  # j  5  v  j # 0 for 1  <  j  <  m  2  1 .  Now suppose there is a vector
 ( a 1  ,  a 2  ,  .  .  .  ,  a m l 1 1 )  with the property that for every  d  satisfying 1  <  d  <  m l  1  1 ,  the
 multiset
 h a d 1 i  2  a i :  1  <  i  <  m l  1  1 ,  d  1  i  ?  m l  1  2 j ,
 subscripts computed modulo  m l  1  2 ,  represents each of  h # j :  0  <  j  <  m  2  1 j  l  times
 each . Call a vector a  V l ( m ,  t )- y  ector .  If such a vector exists , then form the circulant
 matrix  C  the first row of which is the empty symbol (—) followed by the  m l  1  1 entries
 of the  V l ( m ,  t ) vector . Form  t  matrices by multiplying each entry of  C  by the powers
 v  0 ,  v  m ,  .  .  .  ,  v  m ( t 2 1) .  Calculate the  t  matrices so obtained to produce a ( mt  1  1 ,  mt  1
 2 ;  l  ,  0 ;  t )-ADM .
 When  l  5  1 ,  these vectors have become known as  V  ( m ,  t ) vectors , and substantial
 computational existence results are known [3 ,  4] . For higher  l  ,  they have apparently
 not been studied before . We report here on the results of a computational search for
 V l ( m ,  t )  vectors with  mt  1  1  <  100 .  We provide solutions in a large number of cases
 with 2  <  l  <  6 for small values of  m :
 m  t  y  Vector  m  t  y  Vector
 l  5  2
 3
 3
 3
 3
 3
 4
 4
 4
 4
 4
 5
 5
 5
 5
 4
 10
 14
 22
 26
 4
 9
 13
 18
 24
 6
 8
 12
 14
 13
 31
 43
 67
 79
 17
 37
 53
 73
 97
 31
 41
 61
 71
 (0  1  2  4  8  5  12)
 (0  1  2  5  12  17  7)
 (0  1  2  5  12  35  18)
 (0  1  2  4  6  32  66)
 (0  1  2  4  6  66  47)
 (0  1  6  5  16  2  11  3  9)
 (0  1  2  4  8  10  18  35  19)
 (0  1  2  4  3  17  12  21  26)
 (0  1  2  5  8  50  70  44  39)
 (0  1  2  4  6  11  63  78  50)
 (0  1  3  10  29  23  19  4  27  5  20)
 (0  1  2  9  22  34  26  3  40  30  5)
 (0  1  2  4  11  50  7  19  44  48  43)
 (0  1  2  4  17  3  56  45  28  66  24)
 3
 3
 3
 3
 3
 4
 4
 4
 4
 6
 12
 20
 24
 32
 7
 10
 15
 22
 19
 37
 61
 73
 97
 29
 41
 61
 89
 (0  1  2  4  17  11  9)
 (0  1  2  4  7  27  23)
 (0  1  2  4  6  42  12)
 (0  1  2  4  6  10  43)
 (0  1  2  4  6  21  70)
 (0  1  2  4  25  14  11  15  20)
 (0  1  2  4  10  17  11  23  15)
 (0  1  2  4  3  13  7  11  28)
 (0  1  2  5  8  18  31  13  51)
 l  5  3
 2
 2
 2
 2
 2
 2
 3
 3
 3
 3
 3
 4
 4
 4
 4
 5
 11
 21
 29
 35
 41
 6
 12
 20
 24
 32
 7
 9
 13
 15
 11
 23
 43
 59
 71
 83
 19
 37
 61
 73
 97
 29
 37
 53
 61
 (0  1  2  4  3  8  5)
 (0  1  2  3  8  22  4)
 (0  1  2  3  5  7  26)
 (0  1  2  3  5  4  18)
 (0  1  2  3  10  24  4)
 (0  1  2  3  5  4  9)
 (0  1  2  3  5  7  9  18  8  12)
 (0  1  2  3  5  7  23  19  15  11)
 (0  1  2  3  5  7  9  23  33  37)
 (0  1  2  3  5  7  9  14  61  28)
 (0  1  2  3  5  7  4  69  79  30)
 (0  1  2  3  9  8  17  20  28  26  7  21  23)
 (0  1  2  3  6  4  18  11  9  22  14  35  29)
 (0  1  2  3  5  4  9  32  17  46  51  30  7)
 (0  1  2  3  5  4  15  58  20  55  26  13  52)
 2
 2
 2
 2
 2
 3
 3
 3
 3
 3
 9
 15
 23
 33
 39
 4
 10
 14
 22
 26
 19
 31
 47
 67
 79
 13
 31
 43
 67
 79
 (0  1  2  3  5  4  14)
 (0  1  2  3  6  9  5)
 (0  1  2  3  8  13  18)
 (0  1  2  3  5  4  42)
 (0  1  2  3  6  9  4)
 (0  1  2  5  3  7  11  6  4  10)
 (0  1  2  3  6  24  11  21  4  18)
 (0  1  2  3  6  9  42  29  22  15)
 (0  1  2  3  5  7  13  17  46  58)
 (0  1  2  3  5  7  13  69  35  40)
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 m  t  y  Vector  m  t  y  Vector
 l  5  4
 2
 2
 2
 2
 2
 2
 2
 5
 6
 11
 15
 20
 23
 29
 11
 17
 23
 31
 41
 47
 59
 (0  1  2  3  5  7  10  9  4)
 (0  1  2  3  5  8  15  4  14)
 (0  1  2  3  4  11  21  18  9)
 (0  1  2  3  4  7  10  6  5)
 (0  1  2  3  4  7  19  33  22)
 (0  1  2  3  4  9  42  8  28)
 (0  1  2  3  4  6  5  16  30)
 2
 2
 2
 2
 2
 2
 2
 6
 9
 14
 18
 21
 26
 30
 13
 19
 29
 37
 43
 53
 61
 (0  1  2  3  4  10  5  7  9)
 (0  1  2  3  4  6  5  13  12)
 (0  1  2  3  4  6  17  5  13)
 (0  1  2  3  4  6  11  9  23)
 (0  1  2  3  4  6  5  7  19)
 (0  1  2  3  4  6  8  10  37)
 (0  1  2  3  4  6  13  11  46)
 2
 2
 2
 2
 33
 36
 41
 48
 67
 73
 83
 97
 (0  1  2  3  4  6  5  7  45)
 (0  1  2  3  4  9  14  24  44)
 (0  1  2  3  4  6  5  10  18)
 (0  1  2  3  4  9  14  37  60)
 2
 2
 2
 35
 39
 44
 71
 79
 89
 (0  1  2  3  4  11  18  25  6)
 (0  1  2  3  4  7  10  6  9)
 (0  1  2  3  4  7  10  34  41)
 m  t  y  Vector
 l  5  4 (continued)
 3
 3
 3
 3
 3
 3
 3
 3
 3
 3
 4
 6
 10
 12
 14
 20
 22
 24
 26
 32
 13
 19
 31
 37
 43
 61
 67
 73
 79
 97
 (0  1  2  11  6  4  7  5  8  12  3  9  10)
 (0  1  2  3  5  8  14  9  18  16  10  17  4)
 (0  1  2  3  4  7  17  12  23  6  20  30  11)
 (0  1  2  3  4  6  10  31  16  25  20  17  13)
 (0  1  2  3  4  7  10  30  35  21  38  8  26)
 (0  1  2  3  4  6  8  10  42  57  43  29  39)
 (0  1  2  3  4  6  8  10  36  24  56  25  55)
 (0  1  2  3  4  6  8  10  36  31  63  34  67)
 (0  1  2  3  4  6  8  5  65  34  38  66  61)
 (0  1  2  3  4  6  8  5  16  87  83  24  72)
 l  5  5
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 9
 11
 15
 21
 23
 29
 33
 35
 39
 41
 19
 23
 31
 43
 47
 59
 67
 71
 79
 83
 (0  1  2  3  4  6  5  7  12  14  8)
 (0  1  2  3  4  6  17  13  11  18  9)
 (0  1  2  3  4  5  8  29  21  27  19)
 (0  1  2  3  4  5  7  6  32  22  29)
 (0  1  2  3  4  5  10  25  45  9  8)
 (0  1  2  3  4  5  7  6  16  18  17)
 (0  1  2  3  4  5  7  6  11  43  8)
 (0  1  2  3  4  5  12  38  51  49  19)
 (0  1  2  3  4  5  8  11  7  46  76)
 (0  1  2  3  4  5  7  6  11  10  49)
 3
 3
 3
 3
 3
 3
 3
 6
 10
 12
 14
 20
 22
 24
 19
 31
 37
 43
 61
 67
 73
 (0  1  2  3  4  6  12  15  18  14  8  17  16  13  9  7)
 (0  1  2  3  4  5  10  17  24  30  19  22  29  9  26  21)
 (0  1  2  3  4  5  7  25  30  28  12  36  16  35  22  24)
 (0  1  2  3  4  5  8  20  39  26  11  21  24  38  29  12)
 (0  1  2  3  4  5  7  9  11  21  40  35  60  58  54  24)
 (0  1  2  3  4  5  7  9  11  17  49  60  29  39  32  61)
 (0  1  2  3  4  5  7  9  11  15  38  27  68  49  23  17)
 l  5  6
 2  8  17  (0  1  2  3  4  6  9  12  10  15  8  11  5)
 2
 2
 2
 2
 2
 2
 2
 9
 11
 14
 15
 18
 20
 21
 19
 23
 29
 31
 37
 41
 43
 (0  1  2  3  4  5  6  16  10  12  8  18  13)
 (0  1  2  3  4  5  8  15  7  22  9  14  6)
 (0  1  2  3  4  5  6  9  28  18  8  19  17)
 (0  1  2  3  4  5  6  12  23  18  9  21  7)
 (0  1  2  3  4  5  6  8  10  12  26  18  16)
 (0  1  2  3  4  5  6  9  21  28  40  16  27)
 (0  1  2  3  4  5  6  8  7  12  17  22  18)
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 m  t  y  Vector
 l  5  6 ( contd . )
 2
 2
 2
 23
 26
 29
 47
 53
 59
 (0  1  2  3  4  5  6  11  26  46  37  9  28)
 (0  1  2  3  4  5  6  8  10  32  50  38  43)
 (0  1  2  3  4  5  6  8  7  17  16  26  50)
 2
 2
 2
 2
 2
 2
 2
 2
 30
 33
 35
 36
 39
 41
 44
 48
 61
 67
 71
 73
 79
 83
 89
 97
 (0  1  2  3  4  5  6  8  15  7  31  33  9)
 (0  1  2  3  4  5  6  8  7  12  11  31  51)
 (0  1  2  3  4  5  6  13  39  36  27  12  9)
 (0  1  2  3  4  5  6  11  16  69  26  40  47)
 (0  1  2  3  4  5  6  9  12  26  18  33  8)
 (0  1  2  3  4  5  6  8  7  12  14  22  65)
 (0  1  2  3  4  5  6  9  12  15  43  67  24)
 (0  1  2  3  4  5  6  11  16  26  55  21  84)
 While these computational constructions provide numerous useful quasi-dif ference
 matrices , there is not at present any general theory for the existence of  V l ( m ,  t ) vectors
 (even when  l  5  1 and  m  .  3) .
 We also construct an infinite family of aussie-dif ference matrices from finite fields :
 T HEOREM 4 . 2 .  If  y  5  1  1  nk is a prime power , and n and k are positi y  e integers , then
 there exists a  ( n ,  y  ;  k ,  k  2  1 ;  1)-ADM  o y  er the group Z n .
 P ROOF .  It suf fices to prove the theorem in the case  k  5  1 .  For if  k  .  1 ,  we simply
 reduce all entries modulo  n  in the ( y  2  1 ,  y  ;  1 ,  0 ;  1)-ADM to obtain a ( n ,  y  ;  k ,  k  2  1 ;  1)-
 ADM . So suppose that  k  5  1 and  n  5  y  2  1 .  Let  v  be a primitive root of  GF  ( y  ) ,  and
 construct a matrix  M  with rows and columns indexed by  GF  ( y  ) ,  for which for
 r ,  c  P  GF  ( y  ) ,  cell ( r ,  c ) contains  r  1  c  if  r  1  c  is nonzero , and contains ‘—’ otherwise .
 This is the required  ADM , with dif ferences calculated  multiplicati y  ely .  Taking discrete
 logarithms of each nonempty entry then gives the  ADM  additively over  Z y  2 1 .
 We must verify that the matrix  m  constructed is an  ADM ; to do this , we retain the
 multiplicative form of the matrix . Evidently there is one ‘—’ in each row and in each
 column . Now consider the dif ferences between the row indexed by 0 and that indexed
 by  v  i .  Except in columns 0 and  2 v  i ,  we obtain a dif ference by calculating , in column
 v  k ,  ( v  i  1  v  k )( v 2 k ) .  These products are all distinct for dif ferent choices of  v  k ,  and
 none of the dif ferences is the identity . Hence every dif ference  v  i , i  5  1 ,  .  .  .  ,  y  2  2 ,
 appears exactly once .
 Next consider the dif ferences between the row indexed by  v  i  and that indexed by  v  j .
 In column  v  k ,  the dif ference is ( v  j  1  v  k )( v  i  1  v  k ) 2 1 .  If  v  k  P  h 2 v  i  ,  2 v  j j ,  this
 dif ference is not calculated , as one of two entries has been replaced by the empty
 symbol ‘—’ . So suppose that all selections are made from the remaining  y  2  2 columns .
 If the same dif ference appears in column  v  l  ,  then we find  v  k ( v  j  2  v  i )  5  v  l ( v  j  2  v  i ) ,
 and hence  k  5  l .  If the same dif ference appears in column 0 and column  v  k ,  then we
 find  v  j ( v  i ) 2 1  5  ( v  j  1  v  k )( v  i  1  v  k ) 2 1 ,  and hence  v  i 1 k  5  v  j 1 k ,  which cannot be .
 Moreover , in column  v  k ,  the dif ference is not the identity , since  i  ?  j .  Similarly the
 dif ference in column 0 is not the identity . Since dif ferences are calculated for  y  2  2 
 columns , all are distinct , and none is the identity , they account once each for the
 nonidentity elements .  h
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 C OROLLARY 4 . 3 .  If  y  1  1  >  4  is a prime power and  2 y  2  1  is a prime power , then
 there exists a TD 3 ( y  1  2 ,  y  ) .
 P ROOF .  By Lemma 3 . 2 , we obtain an  OTD ( y  1  2 ;  1 ,  y  2  1 ; 2 ,  2 ,  1) from a  TD ( y  1
 2 ,  y  1  1) .  By Theorem 4 . 2 , we have a ( y  2  1 ,  2 y  2  1 ;  2 ,  1 ;  1)-ADM and hence and
 OTD (2 y  2  1 ;  1 ,  y  2  1 ;  0 ,  1 ,  2) .  Truncating the latter to block size  y  1  2 and taking the
 union of the two  OTD ,  and finally adding one block , we obtain the required  TD .  h
 5 .  P ROOF  OF  THE M AIN T HEOREM
 First we handle the cases in which 2  <  n  <  76 .  If a  TD 1 (9 ,  n ) exists , then  TD l (9 ,  n )
 exist for all  l  >  1 .  Now  TD 1 (9 ,  q ) exist for all prime powers  q  >  8 , TD 1 (9 ,  n ) exist for
 n  P  h 56 ,  57 ,  65 ,  72 j  [2] ,  and Abel and Cheng [1] give a  TD 1 (9 ,  40) .  Thus we need only
 consider
 n  P  h 2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  10 ,  12 ,  14 ,  15 ,  18 ,  20 ,  21 ,  22 ,  24 ,  26 ,  28 ,  30 ,  33 ,  34 ,  35 ,  36 ,  38 ,  39 ,
 42 ,  44 ,  45 ,  46 ,  48 ,  50 ,  51 ,  52 ,  54 ,  55 ,  58 ,  60 ,  62 ,  63 ,  66 ,  68 ,  69 ,  70 ,  74 ,  75 ,  76 j .
 We require a number of direct constructions , primarily using dif ference matrices . A
 ( g ,  k ;  l )- dif ference matrix  is simply a ( g ,  k ;  l  ,  m  ;  u )-QDM with  u  5  0 and  m  <  l  ,  to
 which  l  2  m  columns of zeroes have been appended . When a ( g ,  k ;  l ) dif ference matrix
 exists , it yields a  TD l ( k  1  1 ,  g ) [2] .  Colbourn and Kreher [5] give new constructions for
 dif ference matrices , and provide a table for small  g  and  l  regarding the maximum
 known value for  k .  We refer to [2 ,  5 ,  6] for required background on dif ference matrices .
 In particular , we employ the following result [2 ,  6] without further comment :
 L EMMA 5 . 1 .  For q a prime power , there exist  ( q ,  q ;  1)- ,  ( q ,  2 q ;  2)-  and  ( q ,  4 q ;  4)-
 dif ference matrices , and hence TD 1 ( q  1  1 ,  q ) , TD 2 (2 q  1  1 ,  q )  and TD 4 (4 q  1  1 ,  q )  all
 exist .
 For  n  5  2 ,  we employ the fact that a Hadamard matrix of side 4 n  gives a
 TD n (4 n  2  1 ,  2) .  Since Hadamard matrices of sides 12 , 16 and 20 exist [10] , we obtain
 TD l (11 ,  2)  for  l  P  h 3 ,  4 ,  5 j .  Together with Lemma 1 . 3 , we obtain  TD l (9 ,  2) for all
 l  >  3 .
 For  n  5  3 ,  there exist (3 ,  9 ;  3)- and (3 ,  12 ;  4)-dif ference matrices [6] , and therefore
 TD l (10 ,  3)  exist for  l  >  3 ,  l  ?  5 .
 For  n  5  4 ,  there exist (4 ,  8 ;  2)- , (4 ,  12 ;  3)- , and (4 ,  16 ;  4)-dif ference matrices [6] , and
 therefore  TD l (9 ,  4) exist for all  l  >  2 .  Moreover ,  TD l (13 ,  4) exist for all  l  >  3 ,  l  ?  5 .
 For  n  5  5 ,  there exist (5 ,  10 ;  2)- and (5 ,  25 ;  5)-dif ference matrices [6] , and therefore
 TD l (11 ,  5)  exist for all  l  >  2 ,  l  ?  3 .
 For  n  5  6 ,  there exist (6 ,  10 ;  8)- and (6 ,  11 ;  10)-dif ference matrices [5] , and hence
 TD 8 (11 ,  6)  and  TD 1 0 (12 ,  6) exist . Since  TD 3 (9 ,  2) and  TD 3 (9 ,  3) both exist , a  TD 9 (9 ,  6)
 exists . Since  TD 2 (15 ,  7) and  TD 1 (12 ,  11) both exist , a  TD 6 (12 ,  6) exists by Lemma
 3 . 3(3) . Now we have  TD l (9 ,  6) for  l  P  h 6 ,  8 ,  9 ,  10 j ,  and hence we obtain all  l  >  6
 except for  l  5  7 ,  11 ,  13 .
 For  n  5  7 ,  a  TD 2 (15 ,  7) exists . A  TD 3 (9 ,  7) exists by Lemma 4 . 3 . Colbourn and
 Kreher [5] give a (7 ,  11 ;  5)-dif ference matrix , and hence a  TD 5 (12 ,  7) exists . Thus
 TD l (9 ,  7)  exist for all  l  >  2 ,  and  TD l (12 ,  7) exist for all  l  >  2 ,  l  ?  3 .
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 For  n  P  h 10 ,  12 ,  30 ,  42 j ,  a  TD 2 ( n ,  n ) exists by Corollary 3 . 4 , and a  TD 3 ( n  1  2 ,  n )
 exists by Lemma 4 . 3 .
 For  n  5  14 ,  a  V 4 (3 ,  4) gives a  TD 4 (14 ,  14) .  Since  TD 2 (27 ,  13) and a  TD 1 (30 ,  29) both
 exist , a  TD 6 (27 ,  14) exists by Lemma 3 . 3(2) . Since  TD 3 (9 ,  7) and  TD 3 (11 ,  2) both exist ,
 a  TD 9 (9 ,  14) exists . Hence we have  TD l (9 ,  14) for  l  P  h 4 ,  6 ,  9 j ,  and thereby for all
 l  >  4 ,  l  ?  5 ,  7 ,  11 .
 For  n  5  15 ,  a  TD 3 (17 ,  15) exists by Lemma 4 . 3 . Next , writing 43  5  1  1  14  ?  3 ,
 Theorem 4 . 2 gives an  OTD (43 ;  1 ,  14 ;  0 ,  1 ,  3) .  Applying Lemma 3 . 2 to a  TD 1 (17 ,  16) ,
 we obtain an  OTD (17 ;  1 ,  14 ;  2 ,  2 ,  1) .  Truncating the first to block size 17 , and taking
 the union with two copies of the second  OTD ,  and finally adding a single block , gives a
 TD 5 (17 ,  15) .  Using a  TD 2 (33 ,  16) and a  TD 1 (30 ,  29) ,  apply Lemma 3 . 3(3) to obtain a
 TD 6 (30 ,  15) .  Now , since  TD l (17 ,  15) exist for  l  P  h 3 ,  5 ,  6 j ,  they exist for all  l  >  3 ,
 l  ?  4 ,  7 .
 For  n  P  h 18 ,  22 ,  26 ,  34 ,  38 ,  46 ,  50 ,  54 ,  62 ,  74 j , n  5  2 q  for a prime power  q  >  9 .  Since
 TD 1 ( q  1  1 ,  q )  and  TD l (9 ,  2) exist for  l  >  3 ,  we obtain  TD l (9 ,  n ) for all  l  >  3 .  The
 cases when  n  P  h 18 ,  26 j  are completed by Corollary 3 . 4 .
 Similarly , for  n  P  h 24 ,  33 ,  39 ,  48 ,  51 ,  69 ,  75 j , n  can be written in the form 3 q  for a
 prime power  q  >  8 .  Thus for these values of  n ,  the direct product constructs  TD l (9 ,  n )
 for all  l  ?  2 ,  5 .  If existence for  l  5  2 is af firmative , the case  l  5  5 can be handled by
 Lemma 1 . 3 . Thus Corollary 3 . 4 completes the solution for  n  P  h 24 ,  48 j .
 For  n  P  h 36 ,  44 ,  52 ,  63 ,  68 ,  76 j , n  can be written in the form 4 q ,  7 q  or 8 q  for  q  >  8 a
 prime power , and hence the direct product handles existence of all  TD l (9 ,  n ) for  l  >  2 .
 Taking into account the exceptions in the Main Theorem , for  n  <  76 ,  it remains to
 treat  n  5  46 for  l  5  2 , n  5  69 for  l  P  h 2 ,  5 j , n  5  33 for  l  5  5 ,  and  n  P
 h 20 ,  21 ,  28 ,  35 ,  45 ,  55 ,  60 ,  66 ,  70 j  for all  l  >  2 .
 For  n  5  20 ,  Abel and Cheng [1] give a (40 ,  8 ;  1)-dif ference matrix , and hence a
 (20 ,  8 ;  2)-dif ference matrix and a  TD 2 (9 ,  20) exist . Since  TD 3 (11 ,  2) and  TD 3 (12 ,  10)
 both exist , a  TD 9 (11 ,  20) exists . Hence  TD l (9 ,  20) exist for  l  P  h 2 ,  9 j ,  and thereby for
 all  l  >  2 ,  l  ?  3 ,  5 ,  7 .
 For  n  5  21 ,  a  V 3 (3 ,  6) exists ; this gives an  ITD 3 (11 ,  21 ;  2) .  Filling the hole with a
 TD 3 (11 ,  2)  gives a  TD 3 (11 ,  21) .  Since a  TD 1 (42 ,  41) and a  TD 1 (44 ,  43) exist , Lemma
 3 . 3(4) gives a  TD 8 (42 ,  21) .  Now , using a  TD 2 (10 ,  10) ,  a  TD 2 (10 ,  11) ,  and a  TD 5 (11 ,  2) in
 Corollary 2 . 2 , we obtain a  TD 1 0 (10 ,  21) .  Hence  TD l (10 ,  21) exist for  l  P  h 3 ,  8 ,  10 j ,  and
 thereby for all  l  >  3 ,  l  ?  4 ,  5 ,  7 .
 For  n  5  28 ,  Corollary 3 . 4 gives a  TD 2 (28 ,  28) .  Next apply Theorem 4 . 2 , writing
 109  5  27  ?  4  1  1 to obtain an  OTD (109 ;  1 ,  27 ;  0 ,  1 ,  4) .  By Lemma 3 . 2 , an
 OTD (30 ;  1 ,  27 ;  2 ,  2 ,  1)  exists . Truncating the first  OTD  to 30 rows , taking the union
 with three copies of the second  OTD ,  and finally adding a single block yields a
 TD 7 (30 ,  28) .  Thus  TD l (28 ,  28) exist for all  l  >  2 ,  l  ?  3 ,  5 .
 For  m  5  33 ,  use a  TD 1 (17 ,  16) ,  a  TD 1 (17 ,  17)  2  TD 1 (17 ,  1) ,  and a  TD 5 (18 ,  2) in
 Corollary 2 . 2 to obtain a  TD 5 (17 ,  33) .  This is the last case for  n  5  33 .
 For  n  5  35 ,  use a  TD 1 (9 ,  8) ,  a  TD 1 (9 ,  9)  2  TD 1 (9 ,  1) ,  and a  TD 3 (10 ,  2) in Corollary
 2 . 2 to produce a  ITD 3 (9 ,  35 ;  3) ; then fill the hole using a  TD 3 (9 ,  3) to obtain  TD 3 (9 ,  35) .
 Since a  TD 2 (11 ,  5) and a  TD 2 (15 ,  7) exist , so does a  TD 4 (11 ,  35) .  Then  TD l (9 ,  35) exist
 for all  l  >  3 ,  l  ?  5 .
 For 5 n  P  h 45 ,  55 j ,  the direct product of a  TD 1 (9 ,  n ) and a  TD l (9 ,  5) gives a
 TD l (9 ,  5 m )  except when  l  5  3 .  The last case for  n  5  55 ,  namely the  TD 3 (9 ,  55) ,  is
 produced by Theorem 4 . 2 , writing 109  5  1  1  54  ?  2 to form an  OTD (109 ;  1 ,  54 ;  0 ,  1 ,  2) ,
 and combining with an  OTD (9 ;  1 ,  54 ;  2 ,  1 ,  1) obtained by applying Lemma 3 . 2 to a
 TD 1 (9 ,  56) .
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 For  n  5  46 ,  a  V 2 (4 ,  10) exists , and this yields an  ITD 2 (10 ,  46 ;  5) .  Filling the hole with
 TD 2 (10 ,  5)  yields a  TD 2 (10 ,  46) .  This is the last case for  n  5  46 .
 For  n  5  60 ,  Lemma 3 . 4 gives a  TD 2 (60 ,  60) .  Now using a  TD (9 ,  8) ,  a  TD (9 ,  9)  2
 TD (9 ,  1) ,  a  TD 5 (10 ,  7) and a  TD 5 (9 ,  4) in Corollary 2 . 2 yields a  TD 5 (9 ,  60) .  So
 TD l (9 ,  60)  exist for all  l  >  2 ,  l  ?  3 .
 For  n  5  66 ,  Lemma 3 . 3(1) gives a  TD 2 (9 ,  66) (since  TD 1 (9 ,  65) exists and 67 is a
 prime) . Corollary 4 . 3 gives a  TD 3 (68 ,  66) .
 For  n  5  69 ,  use a  TD 1 (9 ,  8) ,  a  TD 1 (9 ,  9)  2  TD 1 (9 ,  1) ,  a  TD 2 (9 ,  8) and a  TD 2 (9 ,  5) to
 produce a  TD 2 (9 ,  69) .
 For  n  5  70 ,  use a  TD 2 (9 ,  7) ,  a  TD 2 (9 ,  8)  2  TD 2 (9 ,  1) , TD 1 (10 ,  9) in Corollary 2 . 2 to
 produce a  ITD 2 (9 ,  70 ;  7) .  Then fill the hole with a  TD 2 (9 ,  7) to obtain a  TD 2 (9 ,  70) .
 Next we treat the cases for 77  <  n  <  780 .  We employ Corollary 2 . 3 . Now  TD l (9 ,  7) ,
 TD l (9 ,  8)  2  TD l (9 ,  1)  and  TD l (9 ,  9)  2  2 TD l (9 ,  1) exist for all  l  >  2 (the latter two
 exist even for  l  5  1) .  From Corollary 2 . 3 , we obtain the following :
 L EMMA 5 . 2 .  Let q  >  11  be a prime power . If a and b are two integers for which  0  <  a ,
 b  <  q , and TD l (9 ,  a )  and TD l (9 ,  b )  exist for  l  5  2  and  3 , then there exists a
 TD m (9 ,  7 q  1  a  1  b ) for all  m  >  2 .
 Taking  q  5  11 ,  for example , we may choose  a ,  b  P  h 0 ,  1 ,  4 ,  7 ,  8 ,  9 ,  10 ,  11 j ,  and hence
 a  1  b  P  h 0 ,  1 ,  2 ,  4 ,  5 ,  7  2  22 j .  This gives  TD m (9 ,  y  ) for  y  P  h 77 ,  78 ,  79 ,  81 ,  82 ,  84 – 99 j  for
 all  m  >  2 .  We tabulate applications of Lemma 5 . 2 in Table 2 . All values of  y   in the
 range 77  <  y  <  780 are handled by these applications of Lemma 5 . 2 , except for
 y  5  80 ,  83  and 118 . Abel and Cheng [1] give a  TD 1 (11 ,  80) ,  and 83 is prime so that
 TD 1 (84 ,  83)  exists . It remains to handle 118 . Since 118  5  59  ?  2 , and 59 is prime , we can
 employ the direct product of a  TD 1 (60 ,  59) and a  TD l (9 ,  2) to obtain a  TD l (9 ,  118)
 whenever  l  >  3 .  For  l  5  2 ,  use a  TD 2 (10 ,  9) and a  TD 2 (10 ,  10)  2  TD 2 (10 ,  1) (from
 Corollary 3 . 4) and a  TD 1 (14 ,  13) in Corollary 2 . 2 to obtain a  TD 2 (10 ,  118) .
 For  y  .  780 ,  a  TD 1 (9 ,  y  ) exists [3] , and hence the proof of the Main Theorem is
 complete .
 T ABLE 2
 Applications of Wilson’s theorem with weight 7
 q  Acceptable values of 7 q  1  a  1  b
 11
 13
 16
 19
 23
 27
 31
 37
 41
 49
 61
 73
 89
 77 ,  78 ,  79 ,  81 ,  82 ,  84 – 99
 91 ,  92 ,  93 ,  95 ,  96 ,  98 – 117
 112 ,  113 ,  114 ,  116 ,  117 ,  119 – 141 ,  144
 133 ,  134 ,  135 ,  137 ,  138 ,  140 – 171
 161 ,  162 ,  163 ,  165 ,  166 ,  168 – 203 ,  207
 189 ,  190 ,  191 ,  193 ,  194 ,  196 – 243
 207 ,  208 ,  209 ,  211 ,  212 ,  214 – 277
 259 ,  260 ,  261 ,  263 ,  264 ,  266 – 333
 287 ,  288 ,  289 ,  291 ,  292 ,  294 – 369
 343 ,  344 ,  345 ,  347 ,  348 ,  350 – 441
 427 ,  428 ,  429 ,  431 ,  432 ,  434 – 547 ,  549
 511 ,  512 ,  513 ,  515 ,  516 ,  518 – 657
 613 ,  614 ,  615 ,  617 ,  618 ,  620 – 801
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 6 .  B LOCK S IZE 8
 In this section , we prove Theorem 1 . 2 , using the Main Theorem as a starting
 point .
 For  n  5  3 ,  it remains to treat  l  5  5 .  Colbourn and Kreher [5] give a (3 ,  7 ;  5)-
 dif ference matrix , and hence there is a  TD 5 (8 ,  3) .
 For  n  5  5 ,  Hanani [8] gives a (5 ,  7 ;  3)-dif ference matrix (see also [2]) , and hence a
 TD 3 (8 ,  5)  exists .
 For  n  5  6 ,  since 7 and 13 are both prime , Corollary 4 . 3 constructs a  TD 3 (8 ,  6) .  Now
 let
 A  5
 —
 0
 1
 2
 3
 0
 1
 2
 3
 0
 0
 3
 3
 1
 —
 2
 1
 2
 1
 3
 1
 0
 0
 2
 —
 3
 2
 2
 3
 0
 2
 1
 1
 3
 —
 0
 3
 1
 0
 1
 3
 2
 2
 0
 —
 0
 —
 2
 1
 2
 0
 3
 3
 1
 1
 2
 —
 3
 2
 3
 1
 0
 0
 2
 1
 3
 —
 0
 3
 0
 2
 1
 3
 2
 2
 0
 —
 1
 0
 1
 3
 .A B
 Then ( A  3  2 A ) is a (5 ,  9 ;  3 ,  2 ;  2)-ADM , and hence an  OTD (9 ;  1 ,  5 ;  0 ,  2 ,  3) exists . Since 7
 is prime , and  OTD (8 ;  1 ,  5 ;  2 ,  1 ,  1) exists . The union gives a  TD 4 (8 ,  6) .  Using Theorem
 4 . 2 writing 16  5  1  1  5  ?  3 , we obtain an  OTD (16 ;  1 ,  5 ;  0 ,  1 ,  3) .  Since 7 is prime , there is
 an  OTD (8 ;  1 ,  5 ;  2 ,  2 ,  1) by Lemma 3 . 2 . Hence we obtain a  TD 5 (8 ,  6) .  Since  TD l (8 ,  6)
 exist for  l  P  h 3 ,  4 ,  5 j ,  they exist for all  l  >  3 .
 For  n  5  14 ,  the direct product of  TD 1 (8 ,  7) and  TD l (8 ,  2) produces  TD l (8 ,  14) for all
 l  >  3 .
 For  n  5  15 ,  Hanani [8] gives a (15 ,  7 ;  2)-dif ference matrix , and hence a  TD 2 (8 ,  15)
 exists .  TD l (8 ,  15) then exist for all  l  >  2 .
 For  n  5  21 ,  the direct product of a  TD 1 (8 ,  7) and a  TD l (8 ,  3) yields a  TD l (8 ,  21) for
 l  >  3 .
 For  n  5  28 ,  the direct product of a  TD 1 (8 ,  7) and  TD l (8 ,  4) yields  TD l (8 ,  28) for all
 l  >  2 .
 For  n  5  33 ,  use  TD (8 ,  8) , TD (8 ,  9)  2  TD (8 ,  1) and  TD 2 (9 ,  4) in Corollary 2 . 2 to
 obtain  TD 2 (8 ,  33) .
 For  n  5  38 ,  we use Wilson’s theorem in a dif ferent way . Start with a  TD 2 (11 ,  5) .
 Choose three groups  H 1  , H 2  , H 3 and choose  S  to contain a single element from each in
 such a way that no block of the  TD 2 (11 ,  5) meets  S  in more than two elements . (Simple
 counting shows that such a selection can be made in a  TD l ( k ,  n ) provided that  l  ,  n . )
 Now apply Theorem 2 . 1 using weight 7 and  TD 1 (8 ,  7) , TD 1 (8 ,  8)  2  TD 1 (8 ,  1) ,  and
 TD 1 (8 ,  9)  2  2 TD 1 (8 ,  1)  to obtain a  TD 2 (8 ,  38) .  This is a variant of a ‘spike’ construction
 commonly used for index 1 .
 For  n  5  45 ,  take the direct product of a  TD 1 (10 ,  9) and a  TD 3 (8 ,  5) to obtain the
 TD 3 (8 ,  45) .
 For  n  5  60 ,  apply Corollary 2 . 2 using  TD 1 (8 ,  7) , TD 1 (8 ,  8)  2  TD 1 (8 ,  1) , TD 3 (9 ,  8) and
 TD 3 (8 ,  4) to obtain  TD 3 (8 ,  60) .
 It remains to treat  n  P  h 35 ,  39 ,  50 ,  51 ,  54 ,  62 ,  74 ,  75 j  and  l  5  2 .  Each is an application
 of Corollary 2 . 3 using  TD 1 (8 ,  7) , TD 1 (8 ,  8)  2  TD 1 (8 ,  1) and  TD 1 (8 ,  9)  2  2 TD 1 (8 ,  1) .
 Writing  n  5  7 q  1  a  1  b ,  we require a  TD 2 (10 ,  q ) and  TD 2 (8 ,  a ) , TD 2 (8 ,  b ) .  The
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 parameters are tabulated next :
 n  q  a  b  n  q  a  b  n  q  a  b
 35
 39
 50
 5
 5
 7
 0
 0
 0
 0
 4
 1
 51
 54
 62
 7
 7
 8
 1
 0
 1
 1
 5
 5
 74
 75
 9
 9
 4
 5
 7
 7
 This completes the proof .
 7 .  C ONCLUSIONS
 The collaboration of small ingredients made by dif ference methods and outline
 constructions , and applications of Wilson’s theorem , appear to give powerful construc-
 tions for transversal designs of index greater than 1 . Wilson’s theorem does , however ,
 have some inherent limitations in this case . In particular , if a  TD l ( k ,  n )  2  TD l ( k ,  1)
 exists , then  k  <  n  1  1 , no matter what the  y  alue of  l .  In the same way , for a
 TD l ( k ,  n )  2  2 TD l ( k ,  1)  exists , then  k  <  n ,  independent of  l .  Applications of Wilson’s
 theorem are able then only to construct transversal designs with ‘relatively small’ block
 sizes . Nevertheless , as we have seen here , it can often yield the best known result at
 present .
 Outline constructions do not have the same limitation . For example , Corollary 4 . 3
 produces numerous transversal designs the block size of which is two more than the
 order . The limitation in the application of outline constructions at present appears to
 be the lack of suf ficient ingredients . Thus , we have seen that outline techniques have
 been most helpful in the construction of some small ingredients , notably the  TD 3 (9 ,  7) .
 While the constructions developed here have been applied primarily to the
 constructions for block sizes 8 and 9 , it is important to remark that they have significant
 consequences for larger block sizes as well .
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 Note Added in Proof  ( June  1 9 9 5 )
 Jun Meng and D . L . Kreher (private communication) have established the existence
 of  TD l (9 ,  n ) for ( n ,  l )  5  (3 ,  5) ,  (39 ,  5) ,  (51 ,  5) ,  (75 ,  5) ,  (6 ,  7) ,  and (6 ,  13) .
